We classify locally conformally Kähler structures on four-dimensional solvable Lie algebras up to linear equivalence.
Introduction
The aim of this short note is to provide explicit examples of locally conformally Kähler structures on complex surfaces, by classifying left-invariant lcK structures on four-dimensional solvable Lie groups.
A locally conformally Kähler (shortly, lcK) metric on a complex manifold is a Hermitian metric that locally admits a conformal change making it Kähler. In other words, one gets a covering endowed with a Kähler metric on which the deck transformations group acts by holomorphic homotheties. We refer to [DO98, OV11] and references therein for an open-ended account on lcK geometry. With the only exception of some Inoue surfaces, every known compact complex surfaces admit lcK metrics by [Bel00, Bru11] , see also [Pon14] for a survey on the Vaisman question.
Among compact complex surfaces, one can describe complex tori, hyperelliptic surfaces, Inoue surfaces of type S 0 , primary Kodaira surfaces, secondary Kodaira surfaces, and Inoue surfaces of type S ± as compact quotients of solvable Lie groups endowed with left-invariant complex structures by [Has05, Theorem 1] . Complex structures on four-dimensional Lie algebras are classified by [Sno86, Sno90, Ova00, ACHK15], see also [Ova04] . On the other hand, locally conformally Kähler metrics underlie locally conformally symplectic (lcs) structures, which are similarly defined. Extending Ovando's results on four-dimensional symplectic Lie algebras [Ova06] , a classification of four-dimensional locally conformally symplectic Lie algebras is given with structure results in [ABP17] .
Locally conformally Kähler structures on four-dimensional reductive Lie algebras are studied in [ACHK15, Theorem 4.6] . In this note, we classify locally conformally Kähler structure on four-dimensional solvable Lie groups. The classification is up to linear equivalence, and complex automorphisms are specified. The results are summarized in Theorem 1.1 and Table 2 . They found on the classification of complex structure [Ova04] and on the classification of lcs structures [ABP17] for four-dimensional solvable Lie algebras, and the computations have been performed with the help of the mathematics software system Sage [Sage] .
With the same aim as [Ova04, page 56] , hopefully this table might be useful in the future to provide specific examples and to solve open problems.
We are also interested in Vaisman structures on a 4-dimensional Lie algebra, that is, lcK structures whose Lee form is parallel with respect to the Levi Civita connection of the Hermitian structure. Let us recall the following characterization result from [AO15] .
Lemma 0.1 ([AO15, Lemma 3.3]). Let g be a Lie algebra with an lcK structure (J, Ω, θ) and let A ∈ g be such that A ∈ (ker θ) ⊥ with respect to the compatible metric given by (J, Ω) and θ(A) = 1. Then (J, Ω, θ) is Vaisman if and only if the adjoint operator ad A is a skew-symmetric endomorphism of g.
Using this characterization, we determine, among all lcK structures for each 4-dimensional Lie algebra, the ones being Vaisman. and tensors are usually expressed in terms of the above coframe. For example, complex structures on g are defined in terms of their dual J : g ∨ → g ∨ with the convention Jα = α(J −1 _). By lcs structure, we mean a non-symplectic structure, namely, the Lee form is assumed to be non-exact (actually non-zero).
Classification of lcK structures on four-dimensional Lie algebras
In this section, we summarize the classification of locally conformally Kähler structures on 4-dimensional Lie algebras up to linear equivalence. Here, by linear equivalent lcK structures (J 1 , Ω 1 , θ 1 ) and (J 2 , ω 2 , θ 2 ) on the Lie algebra g of dimension dim R g ≥ 4 we mean that there is an automorphism A ∈ gl(g) of the Lie algebra such that J 2 = A −1 • J 1 • A and Ω 1 = A * Ω 2 = Ω 2 (A_, A_); by the injectivity of Ω 1 ∧ _ : ∧ 1 g ∨ → ∧ 3 g ∨ , we also get θ 1 = A * θ 2 .
1.1. LcK structures on four-dimensional solvable Lie algebras. Complex structures on 4-dimensional solvable Lie algebras up to linear equivalence are classified by G. Ovando, see [Ova04] and references therein.
In Table 1 , we summarize her results as in [Ova04, Proposition 3.2] (note just the correction of a typo in case J 2 for rr 3,γ ). Locally conformally symplectic structures on 4-dimensional Lie algebras are classified in [ABP17] . In the next Section 2, we will combine these classification results to get the following.
Theorem 1.1. Non-Kähler locally conformally Kähler structures on 4-dimensional solvable Lie algebras are classified up to linear equivalence in Table 2 in Appendix A.
The detailed proof of the Theorem will be given in Section 2. Existence of lattices for solvable Lie groups is investigated in [Boc16] , and compact complex surfaces diffeomorphic to solvmanifolds are studied in [Has05] . Recall that:
• R 4 is the Lie algebra associated to complex tori;
• rh 3 to primary Kodaira surfaces;
• rr 3,0 to hyperelliptic surfaces;
• r 4,− 1 2 ,δ with δ > 0 to Inoue surfaces of type S 0 ; • d 4 to Inoue surfaces of type S + ; • d 4,0 to secondary Kodaira surfaces;
• and the Lie groups associated to the other algebras do not admit compact quotients. See also [Bel00, Pon14] and references therein as for the problem of existence of lcK structures on compact complex surfaces, known as the Vaisman question. 
where e 4 is a generator of R. Left-invariant complex structures are described in [ACHK15, Proposition 4.7]: they belong to two families, both depending on one parameter µ = µ 1 + √ −1µ 2 ∈ C \ √ −1R, and they are defined by      Lie algebra c.s. n. parameters structure equations complex structure Z(g) rh 3 (0, 0, −12, 0) Je 1 = e 2 , Je 3 = e 4 e 3 , e 4 rr 3,λ × λ = 0 (0, −12, 0, 0) Je 1 = e 2 , Je 3 = e 4 e 4 λ = 1 (0, −12, −13, 0) Je 1 = e 4 , Je 2 = −e 3 rr 3,γ × × γ = 0 (0, −13, 12, 0) Je 1 = e 4 , Je 2 = e 3 e 4 γ > 0 (0, −γ12 − 13, 12 − γ13, 0) J 1 e 1 = e 4 , J 1 e 2 = e 3 J 2 e 1 = e 4 , J 2 e 2 = −e 3 r 2 r 2 × (0, −12, 0, −34) Je 1 = e 2 , Je 3 = e 4 0 r 2 × × (0, 0, −13 + 24, −14 − 23) J 1 e 1 = e 3 , J 1 e 2 = e 4 0 J 2 e 1 = −ae 1 + a 2 +1 b e 2 , J 2 e 3 = e 4 with b = 0 r 4,µ × µ = 1 (14, 24 + 34, 34, 0)
These two families are related by an automorphism of gl 2 , namely,
Then it is sufficient to consider the family J 1,µ . The only non-trivial automorphism of (gl 2 , J 1,µ ) is
The generic lcs structure is θ = θ 4 e 4 , Ω = ω 12 e 12 + ω 13 e 13 − ω 23 θ 4 e 14 + ω 23 e 23 − 1 2 ω 12 θ 4 e 24 + 1 2 ω 13 θ 4 e 34 , with (ω 12 ω 13 − ω 2 23 )θ 4 = 0.
Assuming Ω is J 1,µ -invariant we have two cases. Indeed, the condition reduces to the system
We consider first when µ 2 = 0 and θ 4 = −µ 1 , when the rank of the above 4 × 3 matrix is zero. In this case, Ω is always J 1,µ -invariant. The J 1,µ -positivity of the lcs structure forces ω 12 > 0, ω 13 > 0, and ω 12 ω 13 − ω 2 23 > 0. And the general lck structure is    θ = −µ 1 e 4 Ω = ω 12 e 12 + ω 13 e 13 + ω 23 µ 1 e 14 + ω 23 e 23 + 1 2 ω 12 µ 1 e 24 − 1 2 ω 13 µ 1 e 34 with ω 12 > 0, ω 13 > 0, ω 12 ω 13 − ω 2 23 > 0. Applying the only non-trivial automorphism we can assume that ω 12 ≥ ω 13 and ω 23 ≥ 0:
(1.2)    θ = −µ 1 e 4 Ω = ω 12 e 12 + ω 13 e 13 + ω 23 µ 1 e 14 + ω 23 e 23 + 1 2 ω 12 µ 1 e 24 − 1 2 ω 13 µ 1 e 34 with ω 12 ≥ ω 13 > 0, ω 23 ≥ 0, ω 12 ω 13 − ω 2 23 > 0.
, see also [ACHK15, Theorem 4.9, item (ii)]. In the other case, when µ 2 = 0 or θ 4 = −µ 1 , the rank of the above 4 × 3 matrix is two. The compatibility of the lcs with the complex structure J 1,µ forces ω 23 = 0 and ω 12 = ω 13 , with ω 12 > 0, θ 4 µ 1 < 0. Summarizing, up to equivalence, the lcK structure on (gl 2 , J 1,µ ) is of the form, see [ACHK15, Theorem 4.9, item (i)], (1.3)    θ = θ 4 e 4 Ω = ω 12 e 12 + ω 12 e 13 − 1 2 ω 12 θ 4 e 24 + 1 2 ω 12 θ 4 e 34 with ω 12 > 0, θ 4 µ 1 < 0, µ 2 2 + (θ 4 + µ 1 ) 2 = 0. And there is no further reduction since the non-trivial automorphism fixs the lck structure. 2 ω 12 θ 4 e 24 + 1 2 ω 12 θ 4 e 34 with ω 12 > 0, θ 4 µ 1 < 0. 
The automorphisms of (u 2 , J a,b ) are of the form
with the condition a 2 22 + a 2 23 = 1. The generic lcs structure is θ = θ 4 e 4 , Ω = ω 12 e 12 + ω 13 e 13 + ω 23 θ 4 e 14 + ω 23 e 23 − ω 13 θ 4 e 24 + ω 12 θ 4 e 34
with ω 2 12 + ω 2 13 + ω 2 23 θ 4 = 0. By imposing the J a,b -invariance, we get the condition
Assuming Ω to be J a,b -positive we obtain ω 23 < 0, θ 4 b > 0. In particular b = −θ 4 , and therefore the J a,binvariance implies that ω 12 = ω 13 = 0. Summarizing we reduce to the generic lcK structure, see [ACHK15, 2. Proof of Theorem 1.1: lcK structures on four-dimensional solvable Lie algebras 2.1. rh 3 . Consider the Lie algebra rh 3 = (0, 0, −12, 0), namely, (e 1 , e 2 , e 3 , e 4 ) is a coframe of 1-forms such that de 1 = 0, de 2 = 0, de 3 = −e 1 ∧ e 2 , de 4 = 0. Equivalently, in terms of the dual frame (e 1 , e 2 , e 3 , e 4 ) for rh 3 , we have the structure equations [e 1 , e 2 ] = e 3 , [e 1 , e 3 ] = 0, [e 1 , e 4 ] = 0, [e 2 , e 3 ] = 0, [e 2 , e 4 ] = 0, [e 3 , e 4 ] = 0. According to [Ova04] , there is only one complex structure up to linear equivalence. In terms of the frame for rh 3 , it is given by specifying the (− √ −1)-eigenspace to be e 1 + √ −1 e 2 , e 3 + √ −1 e 4 ; namely, Je 1 = e 2 , Je 2 = −e 1 , Je 3 = e 4 , Je 4 = −e 3 . On rh ∨ 3 , we set the linear complex structure J ∈ End(rh ∨ 3 ) by Jα := α(J −1 _). Then, in terms of the coframe above, we have Je 1 = e 2 , Je 2 = −e 1 , Je 3 = e 4 , Je 4 = −e 3 , that is, J is given by the matrix
As in [ABP17, Appendix 6.1 of the arXiv version, page 28], by requiring dθ = 0, dΩ − θ ∧ Ω = 0, and Ω ∧ Ω = 0, we get that the generic (non-symplectic) lcs structure is of the form ω 34 e 12 − ω 34 θ 1 θ 4 e 13 + ω 34 θ 2 θ 4 e 14 − ω 34 θ 2 θ 4 e 23 − ω 34 θ 1 θ 4 e 24 + ω 34 e 34 with ω 34 > 0, θ 4 < 0 .
The generic complex automorphism of (rh ∨ 3 , J) are given, with respect to the chosen coframe, by     a 11 a 12 a 13 a 14 −a 12 a 11 −a 14 a 13 0 0 a 2 11 + a 2 12
with the condition a 2 11 + a 2 12 = 0. First, we apply the automorphism with parameters a 11 = 0, a 12 = 1, a 13 = θ 1 θ 4 , and a 14 = − θ 2 θ 4 . This reduces the lcK structure to θ = θ 4 e 4 and Ω = − ω 34 θ 4 e 12 + ω 34 e 34 , where ω 34 < 0 and θ 4 < 0. Then we apply the automorphism with parameters a 12 = − 1 θ 4 , the others zero, so to transform the generic lcK form in (we set σ = ω 34
It is easy to see that such forms cannot be further reduced, since the generic automorphism transforms θ as −a 14 e 1 −a 13 e 2 +(−a 2 11 −a 2 12 )e 4 , and correspondingly the coefficient of Ω along e 12 as a 2 11 + a 2 12 + a 2 13 + a 2 14 σ . Remark 2.1. We determine now which of these lcK structures on rh 3 are of Vaisman type. Let A = a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 . We determine a i such that θ(A) = 1 and A ∈ (ker θ) ⊥ , that is, Ω(A, Jx) = 0 for any x ∈ ker θ. In this case ker θ is generated by {e 1 , e 2 , e 3 } and we obtain that A = −e 4 ∈ Z(g) and ad A = 0. Therefore, it follows from Lemma 0.1 that all the lcK structures above are of Vaisman type.
Remark 2.2. We observe that the Morse-Novikov cohomology with respect to θ = −e 4 vanishes in any degree.
2.2. rr 3,0 . Consider the Lie algebra rr 3,0 = (0, −12, 0, 0) with the complex structure defined as
in terms of the chosen coframe. According to [ABP17, Appendix 6.3 of the arXiv version, pages 31-32], the generic lcs structures fall in two different families.
We first consider the case when the generic closed 1-form θ = θ 1 e 1 + θ 3 e 3 + θ 4 e 4 has θ 3 = θ 4 = 0. Then the generic lcs structure with Lee form θ is    θ = −e 1 Ω = ω 12 e 12 + ω 13 e 13 + ω 14 e 14 + ω 23 e 23 + ω 24 e 24 with ω 14 ω 23 − ω 13 ω 24 = 0 . It is clear that such a form is never J-positive: indeed, with respect to the dual frame (e 1 , e 2 , e 3 , e 4 ), we have ω(e 3 , Je 3 ) = 0. Then, there is no lcK structure in this case.
Consider now the case θ 2 3 + θ 2 4 = 0. The generic complex automorphisms (rr 3,0 , J) are given, with respect to the chosen coframe, by
In particular, the complex automorphism
transforms θ 1 e 1 + θ 3 e 3 + θ 4 e 4 to θ 1 e 1 + θ 4 e 3 − θ 3 e 4 . So, without loss of generality, we can assume ϑ 3 = 0.
The generic lcs structure in this case reduces to
and ω 23 = − ω 34 θ 1 θ 3 θ 2 3 +θ 2 4 . The J-positivity requires ω 34 > 0 and θ 1 > 0. Then the generic lcK structure is
Applying the complex automorphism
we reduce the lck pair (Ω, θ) to
Now we apply the complex automorphism
and we obtain the lck structure    θ = δe 1 + σ δ e 3 Ω = δ(δ+1) σ e 12 + e 14 − e 23 + σ δ 2 e 34 with δ > 0, σ > 0 where we denoted σ = θ 2 3 +θ 2 4 ω 34 and δ = θ 1 . This lck structure cannot be further reduced. Indeed, the generic automorphism transforms the coefficient of θ along e 4 to −a 34 σ δ , whence we chose a 34 = 0. The coefficient of Ω along e 14 is transformed to a 33 : we then choose a 33 = 1, getting the identity.
Remark 2.3. We determine now which of these lcK structures on rr 3,0 are of Vaisman type. Let A = a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 . We determine a i such that θ(A) = 1 and A ∈ (ker θ) ⊥ , that is, Ω(A, Jx) = 0 for any x ∈ ker θ. In this case we obtain that A = δ σ e 3 ∈ Z(g). Therefore, it follows from Lemma 0.1 that all the lcK structures above are of Vaisman type.
2.3. rr 3,1 . Consider the Lie algebra rr 3,1 = (0, −12, −13, 0). Consider the complex structure associated, in the chosen coframe, to the matrix
The generic lcs structures are the following: either
There is no lcK structure with Lee form θ = −e 1 . Indeed, the corresponding lcs structures are never J-positive, since Ω(e 2 , Je 2 ) = 0.
We consider lcK structures with Lee form θ = −2e 1 . The J-invariance of Ω requires ω 12 = 0 and ω 13 = 0. Therefore we are reduced to Ω = ω 14 e 14 + ω 23 e 23 . The J-positivity requires ω 14 > 0 and ω 23 < 0. Finally, the generic lcK structure is
The generic automorphisms of (rr 3,1 , J) are associated to
and a 23 = 0, we apply the automorphism
to get the normal form
There is no further reduction, since the generic linear complex automorphism transforms σe 14 − e 23 into σe 14 − a 2 22 + a 2 23 e 23 , fixing the coefficient along e 14 .
Remark 2.4. The Lie algebras rr 3,1 , rr 3,γ with γ ≥ 0, r 2 , r 4,1 , r 4,α,β with α and β as in 2.4. rr 3,0 . Consider the Lie algebra rr 3,0 = (0, −13, 12, 0), endowed with the complex structure associated to the matrix
The generic lcs structure is
It is clear that Ω is never J-positive: indeed ω(e 2 , Je 2 ) = 0. Then, there is no lcK structure in this case.
2.5. rr 3,γ with γ > 0. Consider the Lie algebra rr 3,γ = (0, −γ12 − 13, 12 − γ13, 0). It admits two nonequivalent complex structures. We first consider the complex structure J 1 associated to the matrix
According to [ABP17, Appendix 6.4 of the arXiv version, pages 36-37], the generic lcs structures are the following: either    θ = −2γe 1 Ω = ω 12 e 1 ∧ e 2 + ω 13 e 1 ∧ e 3 + ω 14 e 1 ∧ e 4 + ω 23 e 2 ∧ e 3 with ω 14 ω 23 = 0, γ = 0 or      θ = θ 1 e 1 + θ 4 e 4 Ω = ω 12 e 12 + ω 13 e 13 + ω 14 e 14 + − (ω 12 (γ+θ 1 )+ω 13 )θ 4
There is no lcK structure with Lee form θ = θ 1 e 1 + θ 4 e 4 . Indeed, the corresponding lcs structures are never J 1 -positive, since Ω(e 2 , Je 2 ) = ω 23 = 0.
We consider lcK structures with Lee form θ = −2γe 1 . The J 1 -invariance of Ω requires ω 12 = 0 and ω 13 = 0. Therefore we are reduced to Ω = ω 14 e 14 + ω 23 e 23 . The J 1 -positivity requires ω 14 > 0 and ω 23 > 0. Finally, the generic lcK structure is
The generic automorphisms of (rr 3,λ , J 1 ) are associated to
with a 2 22 + a 2 23 = 0.
For a 22 = 1 √ ω 23 and a 23 = 0, we apply the automorphism
There is no further reduction, since the generic linear complex automorphism transforms σe 14 + e 23 into σe 14 + a 2 22 + a 2 23 e 23 , fixing the coefficient along e 14 . Next we consider the complex structure J 2 associated to the matrix
the only difference in this case is that Ω(e 2 , J 2 e 2 ) = −ω 23 > 0, then ω 23 < 0. In the same way as above we get the final lcK form
Remark 2.5. This algebra does not admit any Vaisman structure, see Remark 2.4.
2.6. r 2 r 2 . Consider the Lie algebra r 2 r 2 = (0, −12, 0, −34) with the complex structure defined as
in terms of the chosen coframe. A generic automorphism for (r 2 r ∨ 2 , J) is associated to the identity matrix or to The only complex automorphism who fix the Lee form is the identity. Whence the above form is the generic lcK form up to linear equivalence.
Remark 2.6. We determine now which of these lcK structures on r 2 r 2 with Lee form θ = −e 3 are of Vaisman type. Let A = a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 . We determine a i such that θ(A) = 1 and A ∈ (ker θ) ⊥ . In this case we obtain that A = −e 1 + ω 34 ω 12 e 2 − e 3 + ω 34 ω 12 . Therefore
From Lemma 0.1, it follows that none of the lcK structures above are of Vaisman type.
We now assume θ = θ 1 e 1 . Requiring Ω to be J-positive and J-invariant we obtain    θ = −e 1 Ω = ω 12 e 12 + ω 34 (−e 14 + e 23 + e 34 ) with ω 12 > ω 34 > 0 .
In the same way as above there is no further reduction.
Remark 2.7. We determine now which of these lcK structures on r 2 r 2 with Lee form θ = −e 1 are of Vaisman type. Let A = a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 . We determine a i such that θ(A) = 1 and A ∈ (ker θ) ⊥ . In this case we obtain that A = −e 1 − e 3 . Therefore
If θ = −e 1 − e 3 does not produce lcK forms since Ω(e 1 , Je 1 ) = 0, therefore Ω is never J-positive.
Finally if θ = θ 1 e 1 + θ 3 e 3 , requiring the lcK conditions we obtain    θ = σe 1 + τ e 3 Ω = µ( 1+σ τ e 12 + e 14 − e 23 + τ +1 σ e 34 ) with στ = 0, σ + τ = −1, µ = 0, µ(1+σ)
where σ = θ 1 , τ = θ 3 , µ = ω 14 . Applying the automorphism (2.1) we can assume that σ ≤ τ .
Remark 2.8. We determine now which of these lcK structures on r 2 r 2 with Lee form θ = σe 1 + τ e 3 are of Vaisman type. Let A = a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 . We determine a i such that θ(A) = 1 and A ∈ (ker θ) ⊥ . In this case we obtain that A = 1+2τ
σ+2στ +τ e 1 + 1 σ+2στ +τ e 3 . Therefore
2.7. r 2 . Consider the Lie algebra r 2 = (0, 0, −13 + 24, −14 − 23).
As in [ABP17, Appendix 6.6 of the arXiv version, pages 43-45], the generic lcs structure is either . or    θ = θ 1 e 1 Ω = ω 12 e 12 − (θ 1 + 1)ω 24 e 13 + (θ 1 + 1)ω 23 e 14 + ω 23 e 23 + ω 24 e 24 with ω 2 23 + ω 2 24 = 0, θ 1 = 0
.
According to [Ova04] this Lie algebra admits several different complex structures given by
in terms of the chosen coframe. We study first the complex structure J 1 . The only complex automorphisms of (r 2 , J 1 ) are
If the lcs structure is in the first case, then the generic lcK form is      θ = θ 1 e 1 + θ 2 e 2 Ω = ω 13 e 13 + θ 2 θ 1 (e 14 + e 23 ) +
Applying the automorphism (2.2) we can assume θ 2 > 0.
We now consider the second case for the lcs form. Requiring Ω to be J 1 -positive and J 1 -invariant we obtain the lcK form    θ = −2e 1 Ω = ω 12 (e 12 + e 34 ) + ω 13 (e 13 + e 24 ) with ω 13 > 0, ω 2 13 − ω 2 12 > 0
Applying the automorphism (2.2) we can assume ω 12 > 0.
In the last case, the generic lcK form is    θ = θ 1 e 1 Ω = ω 24 −(θ 1 + 1)e 13 + e 24 with ω 24 > 0, θ 1 + 1 < 0
There is no further reduction, since Ω is fixed by a generic automorphism (2.2). Now we consider the second complex structure J 2 . The complex automorphisms of (r 2 , J 2 ) are With the automorphism with a 33 = 1 √ ω 34 and a 34 = 0, we get the normal form    θ = −2e 1 Ω = ω 12 e 12 + e 34 with bω 12 > 0 , and no further reduction is possible.
In the particular case (a, b) = (0, 1), the generic lcK structure is    θ = −2e 1 Ω = ω 12 e 12 + ω 13 (e 13 + e 24 ) + ω 14 (e 14 − e 23 ) + ω 34 e 34 with ω 12 > 0, ω 34 > 0, ω 12 ω 34 − ω 2 13 − ω 2 14 > 0
We use the automorphisms with a 13 = − ω 14 ω 34 , a 14 = ω 13 ω 34 , a 33 = 1 √ ω 34 , and a 34 = 0 to get    θ = −2e 1 Ω = σe 12 + ω 34 e 34 with σ > 0 , and no further reduction is possible.
Remark 2.9. This algebra does not admit any Vaisman structure, see Remark 2.4.
2.8. r 4,1 . Consider the Lie algebra r 4,1 = (14, 24 + 34, 34, 0) with the complex structure defined as
in terms of the chosen coframe. According to [ABP17, Appendix 6.9 of the arXiv version, page 51] the generic lcs structure is    θ = −2e 4 Ω = ω 13 e 13 + ω 14 e 14 + ω 23 e 23 + ω 24 e 24 + ω 34 e 34 with ω 13 ω 24 − ω 14 ω 23 = 0
It is clear that Ω is never J-positive: indeed Ω(e 1 , Je 1 ) = 0. Then, there is no lcK structure for this Lie algebra. In the first case θ = −(1 + α)e 4 , we have that Ω is never J-positive: indeed Ω(e 1 , Je 1 ) = 0. Then, there is no lcK structure in this case. In the second case θ = −2e 4 , the J-invariance of Ω requires ω 14 = 0 and ω 34 = 0 and J-positive implies ω 13 > 0 and ω 24 < 0. Finally the generic lcK structure is    θ = −2e 4 Ω = ω 13 e 13 + ω 24 e 24 with ω 13 > 0, ω 24 < 0
The generic automorphisms of (r 4,α,1 , J) with α = 0, 1 are associated to     a 11 0 a 13 0 0 1 0 0 −a 13 0 a 11 0 0 0 0 1     ∈ End(r ∨ 4,α,1 ) with a 2 11 + a 2 13 = 0.
For a 11 = 1 √ ω 13 and a 13 = 0, we apply the automorphism
There is no further reduction, since the generic linear complex automorphism transforms e 13 + σe 24 into a 2 11 + a 2 13 e 13 + σe 24 , fixing the coefficient along e 24 . Remark 2.10. This algebra does not admit any Vaisman structure, see Remark 2.4. For a 22 = 1 √ ω 23 and a 23 = 0, we apply the automorphism
to get the lcK form    θ = −2αe 4 Ω = σe 1 ∧ e 4 + e 2 ∧ e 3 with σ < 0
There is no further reduction, since the generic linear complex automorphism transforms σe 14 + e 23 into σe 14 + a 2 22 + a 2 23 e 23 , fixing the coefficient along e 14 . Remark 2.11. This algebra does not admit any Vaisman structure, see Remark 2.4.
2.11. r 4,γ,δ with δ > 0. Consider the Lie algebra r 4,γ,δ = (14, γ24 + δ34, −δ24 + γ34, 0). According to [ABP17, Appendix 6.12 of the arXiv version, page 56] the generic lcs structure is    θ = −2γe 4 Ω = ω 14 e 14 + ω 23 e 23 + ω 24 e 24 + ω 34 e 34 with ω 14 ω 23 = 0 , only when γ = 0. According to [Ova04] this Lie algebra admits two not equivalent complex structures. We consider first the complex structure defined as
We impose now Ω to be J 1 -invariant and J 1 -positive and we reduce the generic lcs structure to For a 22 = 1 √ ω 23 and a 23 = 0, we apply the automorphism
to get the lcK form    θ = −2γe 4 Ω = σe 1 ∧ e 4 + e 2 ∧ e 3 with σ < 0 , only when γ = 0.
There is no further reduction, since the generic linear complex automorphism transforms σe 14 + e 23 into σe 14 + a 2 22 + a 2 23 e 23 , fixing the coefficient along e 14 . Next we consider the second complex structure given by
in terms of the chosen coframe. Requiring Ω to be J 2 -positive we get ω 23 < 0, this is the only difference with the case J 1 . Also the complex automorphisms are the same. Taking the automorphism According to [Ova04] this Lie algebra admits two not equivalent complex structures defined as
Let us start with J 1 . Requiring J 1 to be positive we obtain ω 13 < 0, in particular ω 13 = 0. Then the only possibility for a compatible lcs structure is    θ = −e 4 Ω = ω 12 (e 12 + e 34 ) + ω 13 e 13 + ω 14 e 14 + ω 24 e 24 with ω 2 12 + ω 13 ω 24 = 0
Assuming Ω to be J 1 -invariant and J 1 -positive we obtain a generic lcK structure    θ = −e 4 Ω = ω 12 (e 12 + e 34 ) + ω 13 e 13 + ω 24 e 24 with ω 13 < 0, ω 24 < 0, −ω 2 12 + ω 13 ω 24 > 0 .
The generic automorphisms of (d 4 , J 1 ) in the chosen coframe are associated to
A generic automorphisim transforms θ = −e 4 into a 23 e 1 − e 4 hence a 23 must be 0. Then for a 11 = 1 √ −ω 13 , we apply the automorphism 
to get the lcK form    θ = −e 4 Ω = µ(e 12 + e 34 ) − e 1 ∧ e 3 + σe 2 ∧ e 4 with µ 2 + σ < 0
Finally applying the automotphisim a 23 = 0 and a 21 = −1 (if it is necesary) we can assume that µ ≥ 0.
There is no further reduction, since the generic linear complex automorphism fixes the coefficient along e 24 and the sign of the coefficient along to e 12 .
Remark 2.13. The generic A = a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 yields
Then ad A is skew-symmetric if and only if A = a 3 e 3 . But then θ(A) = 0. Therefore, by Lemma 0.1, there is no Vaisman structure among the above lcK structures.
Now we consider the complex structure J 2 . We impose now Ω to be J 2 -positive. In the first and second case, there is no lcK structure because we need ω 13 < 0. In the third case, we need ω 12 − ω 24 > 0 and −ω 12 − ω 24 > 0, but J 2 -invariance for Ω yields ω 24 = 0. Then, there is no lcK structure for J 2 . In the cases θ = θ 4 e 4 with θ 4 = −1, we have that Ω is never J-positive: indeed Ω(e 2 , Je 2 ) = ω 23 = 0. Then, there is no lcK structure in this case. In the case θ = −e 4 , the J-invariance of Ω requires ω 12 = −ω 34 = 0 and ω 13 = ω 24 = 0 and J-positive implies ω 14 > 0 and ω 23 > 0. For a 22 = 1 √ ω 23 , we apply the automorphism
to get the lcK form    θ = −e 4 Ω = σe 1 ∧ e 4 + e 2 ∧ e 3 with σ > 0
There is no further reduction, since the generic linear complex automorphism transforms σe 14 + e 23 into σe 14 + a 2 22 e 23 , fixing the coefficient along e 14 . Finally we consider the case      θ = θ 2 e 2 + θ 4 e 4 Ω = ω 12 e 12 + (θ 4 +1)(θ 2 ω 12 −ω 23 ) θ 2 2 e 14 + ω 23 e 23 + ω 24 e 24 − (θ 4 +1)ω 23 θ 2 e 34 with (θ 4 + 1)ω 23 = 0, θ 2 = 0 .
Assuming Ω is J-invariant and J-positive, we reduced it to the lcK form . There is no further reduction because a generic automorphism applied to the Lee form θ = e 2 + θ 4 e 4 gives a 22 e 2 + σe 4 , then the only possible automorphism between two lcK forms of this kind is the identity. admits three different complex structures associated to
We consider first the complex structure J 1 . If θ = − 3 2 e 4 , then the associated lcs form Ω is never J 1 -positive. Indeed, Ω(e 1 , J 1 e 1 ) = ω 12 > 0 and Ω(e 3 , J 1 e 3 ) = −ω 34 = − 1 2 ω 12 > 0, wich is a contradition. Therefore the only possibility is θ = θ 4 e 4 with θ 4 = − 3 2 . Assuming Ω is J 1 -invariant and J 1 -positive we reduce to    θ = θ 4 e 4 Ω = τ (e 12 − (σ + 1)e 34 ) with τ > 0, σ + 1 > 0, θ 4 = 0 . A generic automorphism for (d 4, 1 2 , J 1 ) is given by
a 11 a 12 0 0 −a 12 a 11 0 0 0 0 1 0
) with a 2 11 + a 2 12 = 1.
This automorphism fixes Ω, therefore there is no further reduction in this case. Now we focus on the complex structure J 2 . If θ = − 3 2 e 4 , and we require Ω to be J 2 -positive and J 2 -invariant we obtain    θ = − 3 2 e 4 Ω = ω 12 (e 12 + 1 2 e 34 ) + ω 13 (e 13 + e 24 ) + ω 14 (e 14 − e 23 ) with ω 2 12 − 2ω 2 13 − 2ω 2 14 > 0, ω 12 < 0.
. Suppose that ω 13 = ω 14 = 0, then the lcK form is    θ = − 3 2 e 4 Ω = σ(e 12 + 1 2 e 34 ) with σ < 0.
. There is no further reduction since a generic automorphism for (d 4, 1 2 , J 2 ) has the same form as in (2.6) fixing the coefficients of Ω along to e 12 and e 34 . If ω 2 13 + ω 2 14 = 0, then applying (2.6) with a 11 = ω 13
(ω 2 13 +ω 2 14 )
,
we obtain the lcK form    θ = − 3 2 e 4 Ω = σ(e 12 + 1 2 e 34 ) + τ (e 13 + e 24 ) with σ < 0, τ > 0.
. In the same way as above, there is no further reduction in this case.
Finally we consider the complex structure J 3 . If θ = θ 4 e 4 with θ 4 = − 3 2 then Ω is not positive. Indeed, Ω(e 2 , J 3 e 2 ) = 0. Therefore the only possibility for the Lee form is θ = − 3 2 e 4 . Requiring Ω to be J 3 -positive and J 3 -invariant we get that ω 12 = 0 and 2ω 13 = ω 24 and it reduces to the lcK form    θ = − 3 2 e 4 Ω = ω 13 (e 13 + 2e 24 ) + ω 14 e 14 + ω 23 e 23 with ω 14 < 0, ω 23 < 0, ω 14 ω 23 − 2ω 2 13 > 0. ) with a 22 = 0.
Applying the automorphism with a 12 = 0 and a 22 = 1
There is no further reduction, since a generic automorphism applied to the Lee form θ = − 3 2 e 4 gives 2a 12 e 3 − 3 2 e 4 , then a 12 must be 0. The only possible automorphisms between two lcK forms of this kind transform the coefficient along e 23 into a 2 22 e 23 , then a 22 = 1 and the automorphism is the identity. According to [Ova04] d 4,λ admits two different complex structures associated to
We consider first the complex structure J 1 . Requiring Ω(e 2 , J 1 e 2 ) = ω 23 > 0, we get that the only possibility for the Lee form is θ = (λ − 2)e 4 . Assuming Ω is J 1 -invariant and J 1 -positive we reduce to the following generic lcK structure    θ = (λ − 2)e 4 Ω = ω 14 e 14 + ω 23 e 23 with ω 14 > 0, ω 23 > 0, λ = 2.
A generic automorphism for (d 4,λ , J 1 ) is given by
We apply the automorphism with a 22 = 1 √ ω 23 and we reduce to lcK form where σ = ω 14 . And there is no further reduction since a generic automorphism fixes the coefficient along to e 14 . Now we focus on the complex structure J 2 . If θ = −(1 + λ)e 4 , then associated 2-form Ω is never positive. Indeed, Ω(e 1 , J 2 e 1 ) = ω 13 = 0. We consider the case θ = −(1 + λ)e 4 . Assuming Ω is J 2 -invariant and J 2 -positive we obtain that ω 12 = ω 14 = 0 and we reduce the lcK form to    θ = −(1 + λ)e 4 Ω = ω 13 e 13 + ω 24 e 24 with ω 13 > 0, (λ − 1)ω 24 > 0 , A generic automorphism for (d 4,λ , J 2 ) is given by And there is no further reduction since a possible automorphism applied to Ω fixes the coefficient along to e 24 .
Remark 2.14. Consider all the cases d 4,λ for λ ≥ 1 2 together. For the generic A = a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 , we get
Therefore, ad A is skew-symmetric if and only if A = 0. By Lemma 0.1, we get that there is no Vaisman structure on d 4,λ for any possible value of the parameter λ. with ω 2 12 (δ + θ 4 ) = 0, θ 4 = 0. According to [Ova04] d 4,δ with δ ≥ 0 admits two different complex structures associated to
In the case δ > 0 there are other two more non equivalent complex structures Notice that for any choice of the complex structure the J-invariance condition implies that ω 14 = 0 and ω 24 = 0. Therefore the generic lcs structure reduces to    θ = θ 4 e 4 Ω = ω 12 (e 12 − (δ + θ 4 )e 34 ) with ω 2 12 (δ + θ 4 ) = 0, θ 4 = 0. And this lcs form is invariant by a generic automorphism given by (2.7).
We consider first the complex structure J 2 . Assuming Ω is J 2 -invariant and J 2 -positive we get
where µ = θ 4 and σ = ω 12 . As we mention above there is no further reduction. If we consider the complex structure J 3 , in a very similar way we obtain In both cases we obtain that Ω is not J-positive, since Ω(e 1 , Je 1 ) = 0. Therefore there is no lcK structure for this Lie algebra.
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